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Abstract
This paper summarizes a research project that stretches over two decades. The objective was
to develop a theoretical understanding of the learning curve phenomenon based on cybernetic
principles. The cybernetic theory presented here is grounded in well-established theories in
the realm of physics, namely, non-equilibrium thermodynamics and quantum theory. Its
predictions of the shape of the learning curve and learning rates are in all details confirmed
by empirical observations. The conclusion from the project is that the learning curve
represents fundamental properties of human interaction systems in a competitive environment
and forms a firm basis for, e.g., energy technology policy. The embodying of the learning
system remains an open research question, but an initial survey of identity and environment
emphasizes the distinction between public and private Research and Development. The
outcome of the project and the observed successful ride down the learning curve for several
key low-carbon technologies exposes a strange dichotomy between internationally espoused
theories to manage climate change and theories actually in use in nation states.
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THIS SENTENCE HAS ……. LETTERS
von Förster (1984, p. 7)

1. Introduction
von Förster calls “Operationally closed systems develop eigenbehaviour” the cybernetic
closure theorem (von Förster, 2003, p.321). Maturana and Varela (19801, 1987) originally
introduced the concept operational closure and applied it to biological systems. Operational
closure is a central concept in Luhmann’s systems theory for the social domain (Luhmann,
1997). Appendix C illustrates the theorem for natural systems from the atomic nucleus and
non-equilibrium thermodynamic systems.
Operational closure moves the focus from transfer functions of linear input-output machines
to the distinction and self-organization of a system that provides its own internal structure and
observable behaviour. An operationally closed system is open to inputs or outputs, such as
energy. materials, labour, capital or information, but controls all its own operations. All
internal operations thus form a coherent network where ends are beginnings (circular
causality). The closed network constrains outcome and forms invariants that are observed as
Eigenbehaviour. The central nervous system provides an illustrative example of operational
closure:
“Operationally, the nervous system is a closed network of interacting neurons such that the
change of activity in a neuron always leads to a change of activity in other neurons, either
directly through synaptic action, or indirectly through the participation of some physical or
chemical intervening element.” (Maturana and Varela, 1980, p. 127)
The ubiquity of operationally closed systems in the realms from physics to social sciences
sets the background to my investigation. In focus is the learning systems for technologies,
specifically energy technologies that can contribute to the transformation into a low-carbon
future. The learning system is associated with a learning curve connecting system Inputs and
Outputs with Cumulative Output:
Log (Input/Output) = - E • Log (Cumulative Output) + C0
(Eq. 1)2
1

Originally published in Spanish in 1970.
Giving specific meanings and dimensions to “Input” and “Output” clarifies the importance of Eq. 1 for analysis
of technology development. Let “Input” be the total costs of all resources needed to produce an Output of one
unit of energy technology (e.g. measured in kW). The learning curve then shows how the specific production
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E is a system constant and C0 is a normalization constant.
The purpose of the paper is twofold. Firstly, it will demonstrate that these learning systems
have a distinct, well-defined Eigenbehaviour, which in a stable environment is quantitatively
measured by the learning curve (Eq. 1). Secondly, it will show that this Eigenbehaviour
together with the curve can act as game changer, suggesting the reliable processes for
policies and strategies to provide technologies for the low-carbon transformation. However,
the game changer needs the global stage.
The investigation requires more formal definitions applicable to our system in focus. The
learning system mediates human interaction and embodies operational closure in its
organisation. This embodiment of operational closure is referred to as organizational closure.
Varela (1979) recognizes two, not necessarily commuting, observables defining the
organizationally closed system:
“their organization is characterized by processes such that (1) the processes are related as a
network, so that they recursively depend on each other in the generation and realization of
the processes themselves, and (2) they constitute the system as a unity recognizable in the
space (domain) in which the processes exist.” (p. 55)
The definition challenges the Observer/Researcher with three issues: sites for operations,
meaning of “recursively” and choice of research strategy. A pre-understanding is offered here
but the issues will return throughout the paper.
The example of the nervous system sets “interacting neurons” as sites for operations. Varela’s
definition does not propose any (real or virtual) sites and uses “processes” rather than
“operations”, which emphasizes the continuous flows of activities forming the closure.
However, to elicit the application to the learning system both sites of learning and points of
inputs and outputs to operations will be proposed in the following. The word “recursively”
means that the chain of processes re-enters itself, constraining and specifying itself (SpencerBrown, 1977; Varela, 1975). It refers both to the circular logic behind self-organization and
closure and to the fact that the operationally and organizationally closed system can modify
itself through double closure as proposed by von Förster (2003, pp. 303-323). Förster finds
an example of double closure in biological systems in the intersection of senso-motoric and
inter-secretoric-neuronal circuits. The doubly-closed learning system can manage
perturbations from the environment without giving up closure, meaning that it can continue to
follow its learning path even under major disturbances. However, this ability is not
unconditional; certain perturbations can impair learning.
The two observables suggest different research strategies. It is tempting to focus directly on
the complex network of processes (observable 1). This approach provides extremely complex
roadmaps and raise questions about observability.3 In the cybernetic theory for the learning
curve another route is chosen (Wene, 2007; 2018). Intelligence from thermodynamics and
quantum theory suggests a different and indirect approach focusing on the processes
constituting the unity (observable 2). Non-Equilibrium Thermodynamics (NET) provides
means to study how these processes forms the dynamic relations between the system and its

cost decreases as production continues and is measured by “Cumulative Output”. The learning rate, LR, is
given by the system constant as LR = 1 – 2^-E .
3
One can argue that (1) is not observable and that operationally closed systems obey a holographic principle
where (1) is encoded on (2). This line of reasoning is not pursued here.
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environment. Quantum Theory (QT) provides operator formalism to study how the processes
constrain the system and lead to the development of eigenbehaviour.
The research strategy suggests that the learning system with its learning curve is to be
understood from well-established physics theories rather than from the point-of-view of
mainstream economic or production management theories.4 This is not a unique research
position. Recent and on-going development in quantum theory (QT) and non-equilibrium
thermodynamics (NET) have fostered many applications to psychic and social systems.5
Inspiration came from achievements in quantum optics, computing and cryptography.
However, cybernetics and the closure theorem provide a different point-of-departure for the
investigation presented here.
The closure theorem as a working paradigm aligns with the fundamental postulates of QT
(see e.g., Dicke and Wittke (1960, p.91) for the classical formulation and Manzano (2020, pp.
3-4) for the more modern formulation). In particular, the alignment means that a state
function contains all information about the learning system. In a stable environment the
learning system is in a pure state, which formally is a superposition of two states here
representing reflection and production. The state function is a spinor, which can be described
as a two-dimensional complex vector associated to real three-dimensional Euclidean space.
Criteria for stability are given by non-equilibrium thermodynamics (NET).
Historically, there has always been a strong affinity between cybernetics and
thermodynamics. In a seminal paper, von Förster (1960) analyses self-organizing systems and
their environment using thermodynamics, and in the ensuing discussion states:
“… probably there should be a two-year course on the thermodynamics of self-organizing
systems. I think Prigogine and others have approached the open system problem. I myself
is very interested in many different angles of the thermodynamics of self-organizing
systems because it is a completely new field.”
The work on open systems is today manifested in Quantum Thermodynamics (see e.g.,
Kosloff, 2013). Although closed in its operational domain, the operationally closed system is
open to flows of resources and information and open-system theory is therefore decisive for
understanding its dynamics.
The twofold purpose of the paper can now be specified in two sets of objective and claims:
one regarding theoretical understanding of learning system, Eigenbehaviour and learning
curve and one regarding learning curve as game changer for policies, strategies and measures
to provide cost-efficient technologies for a low-carbon future.
Satifying the first objective entails constructing a cybernetic model for the learning system,
investigating and solving the model based on QT+NET established findings and principles. A
key element is comparison with empirical observations and measurements. The theoretical
results must agree with empirical results or provide a testable explanation for deviations. The
presentation here will rely on and complement the cybernetic theory for learning and

4

For discussions of learning curve theories see e.g. Jaber (2011) or the brief overview in Wene (2016, pp. 2628)
5
For examples of QT&NET to analyse psychic or social systems see, e.g., Dubois (2002, 2017), Busemeyer et al.
(2006); Khrennikov (2006, 2010, 2017), Asano et al. (2011), Lambert-Mogiliansky and Dubois (2015), Yamato et
al. (2017), Wene (2013, 2018).
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experience curves6 that was developed in a series of publications and Conference papers
between 2007 and 2018 (Wene, 2007-2018). The cybernetic theory claims to predict from
first principles the performance including learning rates of an operationally closed learning
system. Specifically, it states that the performance in a stable environment follows a learning
curve consistent with observed learning rates. NET analysis provides a precise definition of
“stable environment” including issues at the start-up of a learning system. Equipped with
these testable claims we enter into the second set of objectives and claims.
The empirically proven theoretical analysis provides the basis for claiming the learning curve
as game changer and reliable tool for energy policy. The objective is to show how legitimate
measures can activate the learning curve and lead to cost-efficient technologies and to show
the costs of such actions. Some answers were given in an early analysis from the International
Energy Agency (IEA, 2000), which have to be brought up to date. There are two outstanding
issues. One issue regards the meaning of “legitimate measures”; are government market
interventions, e.g. through deployment programmes, legitimate or maybe even necessary
actions? Another issue regards the global reach of the learning curve; how is co-ordination
among nations or among other global actors achieved?
Three major sections present the arguments. They are about theory and empirical evidence,
embodying the learning system, and application to energy policy.
The following section on theory and empirical evidence has four subsections. Subsection 2.1
presents and extends the double-closed cybernetic model for the learning system introduced
in Wene (2007). Re-examining the model from three different perspectives leads to the
introduction of Eigentime as an emergent system characteristic and to the realisation that
entropy frames the system, The following subsection (2.2) recapitulates results for the
learning curve from the cybernetic theory (Wene, 2007; 2010; 2013; 2015; 2018). The shape
of the curve follows from the findings in NET by Onsager (1931a; 1931b), Prigogine (1945)
and Andresen and Gordon (1994). QT analysis provides learning rates as eigenvalues or as
phase shifts due to double closure managing perturbations. Subsection 2.3 traces the action of
the double-closed cybernetic model in a 240-year-old learning curve and in recent surprises
in the learning curve of a major energy technology. Subsection 2.4 compares the theoretical
findings on learning rates with empirical data from a large set of measurements.
The section on embodying the learning system bridges the two sections on evidence-based
theory and on applications. It proposes the Viable System Model (Beer, 1979; Espejo et al.,
1999) as a first step to identify organisational elements in the learning loops and points to the
distinction between public and private R&D. The concluding section on applications
introduces the concept of learning investments as tool for policy analysis and for
understanding the globally entangled learning curve. The entanglement follows from
operational closure, pointing both the need and opportunity for global co-ordination of
policies. The learning curve is not compatible with the famous Second Fundamental Theorem
of Welfare Economics, which opens up for efficient and legitimate government market
interventions.
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Distinction between learning and experience curves follows IEA(2000). A learning curve relates performance
of the learning system to one of the inputs, e.g., labor, raw materials, energy, or to a set of inputs. An
experience curve is a learning curve where the set of inputs is equal to total inputs expressed as total cost. An
experience curve is therefore a special case of a learning curve of direct interest to policy because it provides
cost development.

6

2. The Cybernetic Theory for Learning System and Learning Curve
2.1. A model for the double-closed learning system
It is in the very nature of a learning system that the relation between Input and Output is
history dependent. If the same Input would always provide the same Output, the system does
not learn; it is at best a malfunctioning learning system! In fact, considering Eq. 1 the system
is expected to continuously improve itself as it gather experience about itself and the
Environment. Following the terminology of von Förster (1984: 2003, p. 311) the learning
system is therefore a Non-Trivial Machine (NTM) (Wene, 2007). NTM is usually
characterized as “unpredictable”, however, Eq. 1 indicates that the ratio Input/Output is
indeed predictable! The reason for this turns out to be the Onsager reciprocity relations
(Onsager, 1931a,b), which at the time of their discovery changed the then prevailing view
that general model-independent predictions of non-equilibrium thermodynamic systems were
not possible. Prigogine (1980, p. 86) finds the discovery of the reciprocity relations to mark
“a turning point in the history of thermodynamics”.
Figure 1 shows a model of the learning system as a double-closed non-trivial machine (Wene,
2007). Learning requires implementation and observation (see e.g., Kim (1993), Espejo et al
1996) so the learning NTM is feed-back regulated.

Figure 1. The elements of the technology learning system (modified from Wene
(2007))

The learning model in figure 1 consists of three feedback loops. Two loops provides fresh
input to the learning process: the external loop closing over the market, M, and the internal
loop closing over Producing. The third self-reflecting loop, SRL, tracks history. Together the
loops provide the double closure proposed by von Förster (2003) as the process required for
an organization to modify its behaviour in order to manage environmental perturbations
without losing operational closure (Wene, 2010, 2011). The internal and external loops
reflect the double closure over production and sales as analyzed by Baecker (1996).
“Producing” is a trivial machine, which transforms input into output and whose performance
7

is set by the system internal state function, Z. The inputs and outputs to Producing are equal
to the inputs and outputs observed for the learning system. Z is set in the self-reflecting loop
through the operation Computing, where the observations in the external and internal
feedback loops are assessed.
Consider two consecutive measurements. The inputs are In and In+1 and the responses from
the learning system are the outputs On and On+1, respectively. The first output changes the
state from Zn-1 to Zn and sets the performance of Producing to P(Zn(On, Zn-1)). The response
to the next input is then
On+1 = P(Zn(On, Zn-1)) ∙ In+1

(Eq. 2)

The expression in equation 2 can be recursively expanded until the first cycle, which
represents the system when it achieved operational closure
On+1 = P(Zn(On, Zn-1(On-1,Zn-2(…O2,Z1(O1,Z0 )…))) ∙ In+1

(Eq. 3)

The expansion demonstrates that the performance of the learning system depends on the
history of the system, which is a characteristic property of non-trivial machines. The
equations do not say anything about what the history dependence looks like, however, a
sound theoretical approach consistent with Ockham’s razor is to search for a simple relation
based on what an external Observer can measure. Basically, the Observer only measures
inputs and related outputs of the learning system at calendar time, t. The simplest possible
assumptions are then to express dependence on history either by cumulative inputs or
cumulative outputs. The second alternative is chosen giving as the history variable
n

Xn =

ΣOk

(Eq. 4)

So far, our analysis only suggests that the function P in Eq. 2, if indeed such a function exists,
should depend on cumulative output from the learning system. The suggestion is conditioned
by the position of the Observer and by the understanding of Ockham’s razor as an efficient
and legitimate tool in theory building. The major task remains and is to show that the
function P exists and leads to the learning curve in Eq. 1.
To proceed, we look at Figure 1 from three different perspectives.
2.1.1. Perspective 1: Second order cybernetics
Figure 1 shows that Computation is recursively confronted with the system’s selfobservations through the internal feedback loop and with impulses/data from the
Environment/Market through the external loop. It may be useful to split the observer process
in one internal Observer, called Alice, and one external Observer called Bob (Wene, 2018).
Bob has only direct access to features, events and processes (FEP) in the environment and
tend to interpret system performance as determined by these FEPs. This concurs with the
view of mainstream economy (see, e.g., Nemet (2006), Ferioli and Zwaan (2009), Nordhaus
(2014)). The FEPs are ordered in calendar time, t. Eq. 1 expresses a statistical corelation and
a general function P does not exist.
8

Alice sees the oscillation between self-reference and external reference brought on by the
double closure. Following the analysis of Luhmann (1996, p, 345) she sees how “the
difference of the system and environment produced by the operations of the system ‘reenters’ the system as the internally constructed distinction between self-reference and
external reference”. Spencer-Brown (1969) shows how ‘re-entry’ produces indeterminacy,
which he proposes to resolve by the oscillation Alice observes. Varela (1975) on the other
hand solves this indeterminacy by introducing a third state, the autonomous state, a resolution
that reminds of the three-valued logic proposed by Reichenbach (1944) to resolve the
indeterminacy in quantum mechanics. One way to visualize the problem of managing the
distinction between system and environment would be to consider a Möbius strip. Starting by
facing outwards and then completing a full turn around the strip will leave the Observer
facing inwards, continuing the next full turn will return the Observer to the starting point
facing outwards. The Möbius strip emulates the behaviour of a spinor, which requires two
full turns to return to its original values.
Alice viewpoint reveals a complex interplay between the learning system and its
environment. To retain its identity as an operationally closed system, the learning system
must resolve the indeterminacy. It can do so either by oscillating between self-reference and
external reference or by inventing the self-indicating autonomous state.7 To manage learning
the system will have to use both strategies.
Oscillations measure time, which for the non-trivial machine is not the calendar time, t, but
the medium in which its history unfolds. For this medium we introduce the term eigentime,
and the oscillations therefore measure the system’s Eigentime, τ (Wene, 2009; 2013; 2018).
According to Eq. 4, the cumulative output, X, from the learning system express the history
dependence of the NTM and we therefore expect Eigentime to be dimensionless and
dependent on X, i.e., τ(X). However, a mathematical analysis of the learning system based on
oscillations will be very unwieldy. In Figure 1, the state Z serves as a self-indicating anchor
for the initial investigation. As we move into quantum-like modelling of the learning state the
spinor will represent the autonomous state.
The cybernetic perspective clarifies the meaning of the model and introduces the important
concept of Eigentime, τ . However, it cannot guarantee the existence of a general function, P,
for system performance and cannot say anything about its possible shape. We should expect,
however, if P exists it will depend on Eigentime, that is P(τ(X)).
2.1.2. Perspective 2: Non-equilibrium thermodynamics (Onsager relations)
The learning system will always produce entropy as long as it provides output because there
will then always be a flow in the internal feedback loop. The same is not true for the external
loop. If all relevant external markets are in equilibrium, i.e., supply meets demand at
marginal costs everywhere, production and sales meet plans and there is no driving force and
no flow in the external loop. Entropy production from this loop is zero.8 The system would be
7

Luhmann (2002) states that indeterminacy can be managed either by temporizing or by Gödelizing. The
invention of imaginary numbers to resolve, e.g., equations of the form x2 + 1 = 0, illustrates managing by
Gödelizing. It would be possible, but very impracticable, to temporize and say that the solution to the equation
is an infinite oscillation between +1 and -1.
8
The physical counterpart would be two vessels connected by a capillary or a membrane (see, e.g., Prigogine,
1980, p. 87). Let us assume that a temperature difference is maintained between the vessels. Two forces
corresponding to difference in temperature and chemical potential would act to produce two flows, one of
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in a steady non-equilibrium state (Prigogine, 1980, p. 87), which should not be confused with
the equilibrium state where entropy production is zero. In the non-equilibrium
thermodynamic perspective the internal and external feedback loops provide boundary
conditions that force the system away from thermodynamic equilibrium, maintain non-zero
entropy production, but keep the system within the linear regime around the equilibrium. The
non-zero entropy production is a sine qua non for learning.
The key point here is that the entropy production, diS/dt, in a system in the linear regime is a
Lyapounov function (Prigogine, 1980, pp. 84-94). For the learning system this means that the
existence and stability of the entropy production function, diS/dt, is guaranteed. diS/dt is an
attractor. This provides an important starting point in showing the existence and form of the
performance, P(τ(X)), and of the learning curve in Eq. 1.
Furthermore, the Onsager relations (Onsager, 1931a,b) proves that entropy production in the
linear regime is at a minimum in the steady non-equilibrium state (Prigogine, 1945). The
existence of such optimum is usually referred to as the principle of minimum entropy
production. A learning system that moves in the non-equilibium state will therefore follow an
optimal path. Andresen and Gordon (1994) find that the optimal path corresponds to a fixed
rate of entropy production under the condition that the production is measured in the “natural
dimensionless time scale” of the system. These findings are applied in a later paper to
biological systems, where the natural time scale is interpreted as the eigentime in these
systems (Andresen et al., 2002). We generalize these findings and apply them in the
following to the Eigentime for the learning system proposed in 2.1.1.
Wene (2013; 2018) used thermodynamic principles presented here to deduce P(τ(X)) and the
learning curve for a system in a steady non-equilibrium state. Subsection 2.2 will recapitulate
his findings.
2.1.3. Perspective 3: OADI-SMM for organisational learning
The NTM model in Figure 1 does not have requisite variety for organisational analysis and
embodying the learning system. The Viable System Model (Beer, 1979; Espejo et al., 1999)
is proposed as the organisational model that has the requisite variety to embody the learning
system. The OADI-SMM9 of Kim (1992) could act as a bridge between the NTM 1 and the
VSM. Both NTM and OADI-SMM emphasize self-reflection as the key factor in learning.
A one-to-one mapping between NTM and OADI-SMM is not feasible. The following
proposes a first approximation to a mapping.
OADI model recognizes two steps in Computing, namely Assess and Design. Assessment
means folding new observations into the image of previous design. Forming and
manipulating an image appears as an efficient managing strategy for self-reflection.
Computing is concluded by projecting this image with the new infold back onto the
eigenvector, Z, representing the Design step in the OADI model. This is then followed by
Implementation=Producing and the consequences internally and in the environment are
energy and one of matter. The energy flow is upheld by the temperature difference, but the flow of matter
would reduce the differences in chemical potential and eventually stop the flow of matter and the system
would reach the steady non-equilibrium state.
9
The acronym OADI stands for Observe-Assess.Design-Implement and the acronym SMM for Shared Mental
Model.
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Observed through the feedback loops. It remains to map SMM. The Shared Mental Model is
a key factor aligning individual and organisational learning. Here is a weakness in the
mapping because NTM does not distinguish between the two levels, tacitly assuming perfect
alignment between individual and organisational learning. Tentatively, the SMM could map
on to the Self-Reflecting Loop, SRL.
Espejo et al., (1996) make a cybernetic analysis of OADI-SMM leading to several
modifications and extensions relative to the original version. They stress the need for
“structural embodiment of shared mental models” (p. 191) and the relation of SMM to the
identity of the organisation. The summary states:
“Organisational learning is an emergent property of the organisation’s structure and
culture but relies on individual learning” (p. 217) “We could say then, that the cybernetic
methodology is focused on the alignment of individual learning with organisational
learning” (p. 219)
For organizational analysis, the NTM assumption of total alignment is an idealisation, but it
will serve its purpose to initiate discussion in section 3 on how to embody the learning
system.

2.2. Deriving learning curve shape and learning rates
2.2.1. Deriving the learning curve from non-equilibrium thermodynamics
Wene (2012; 2018) shows that the expression in Eq. 1 for the learning curve follows from the
entropy production in the steady non-equilibrium state.
Before focusing on entropy production we must look closer on the meaning of steady nonequilibrium state. The input, I, and the output, O, generate entropy flows. Beside the entropy
production in the system there is therefore a net entropy flow, deS over the boundary of the
learning system. The source and receiver of these flows are in the environment. The total
entropy change , dS, is (Prigogine, 1980, p.5)
dS = deS + diS

di S ≥ 0

(Eq. 5)

According to the second law of thermodynamics, the internal production of entropy, diS, is
always zero or positive. The entropy production is zero at thermodynamic equilibrium,
however, such a state provides no learning and the system will not survive in a competitive
environment. Instead, the activities in the learning system produce entropy to support
learning, i.e., diS > 0, but the system is in dynamic equilibrium with its environment; it is in a
steady non-equilibrium state. This means that total entropy change is zero, dS = 0, and
therefore the net flow of entropy over the system boundary absorbs the entropy produced
internally. Eq. 5 assume a form that already suggests a learning curve
deS = - diS

(Eq. 6)

deS can be expressed in terms of system performance by using the standard relation between
entropy and phase space volume, ΔΓ, in statistical physics (cf Landau and Lifschitz, 1967,
p.36)
S = ln ΔΓ
(Eq. 7)
11

The flows of entropy over the system borders are connected to inputs and outputs. A first
linear approximation makes the phase space volume proportional to measured input and
output, where the constant of proportionality, C, is dependent on the units chosen (e.g., USD,
kW, tones, etc.).
S(input) = A ▪ ln (Cin ▪ Input)
S(output) = A ▪ ln (Cout ▪ Output)

(Eq. 8)
(Eq. 9)

At this point the positive constant A appears as a constant to ensure that entropy connected to
input and output and the internally produced entropy are measured in the same units. The
ratio Output/Input defines the performance, P, of the learning system. Historically, the
learning curve (Wright, 1936) shows the inverse of the performance, that is
P-1 = Input/Output

(Eq. 10)

The net entropy over a specific time interval is then
S(input) - S(output) = A ▪ ln ((Cin / Cout) ▪ P-1)

(Eq. 11)

The net entropy flow is
deS = A ▪ dP-1/ P-1

dP-1 < 0

(Eq. 12)

There are two observations. Firstly, diS is positive, so deS is negative which means that dP-1 is
negative, i.e. the inverse performance, P-1, is a continuously decreasing function. Assuming
that A is a positive constant not only specifies sign conventions but also uses an observational
fact about learning curves. Secondly, the relation in Eq. 12 is true both for Alice and Bob, i.e.
it is true both in calendar time and in eigentime.
Following Andresen and Gordon (1994), the entropy production, diS, is constant in
eigentime. We denote this constant entropy production by στ . This means that the net entropy
flow measured in eigentime, deS/dτ, must also be constant and according to equation 6 equal
to -στ. The expression dP-1(τ)/dτ/ P-1(τ) measured in eigentime must therefore be constant. We
introduce ΔPτ = dP-1(τ)/dτ)/ P-1(τ) and find
A = - στ /ΔPτ

(Eq. 13)

Constant entropy production in eigentime applied to diS provides the relation between
calendar time and eigentime and the learning curve as the relation between P-1 and X(t). For
an external Observer, the entropy production through the internal and external feedback loops
can formally be written
diS / dt = Jin ▪ Fin + Jex ▪ Fex
(Eq. 14)
Jin and Jex are the flows in respective loops and Fin and Fex are the generalized forces
sustaining these flows.10 In steady non-equilibrium state the flow through the external loop is
10

The generalized force is not equal to the mechanical force or the electromotoric force but defined as the
partial derivative of the entropy along the corresponding flow (see e.g., Kittel (1958, pp. 163-165) for an
illustrative example).
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zero, so the second term in Eq. 7 vanishes. The flow in the internal feedback loop is equal to
the observed output11 that is
Jin(t) = dX(t) / dt = Output(t)

(Eq. 15)

The positive value of A and the observation of a steadily decreasing learning curve provides
an efficient approximation for the generalized force Fin. The detailed calculations for the
learning curve are presented in Wene (2013; 2018) and in Appendix A. The resulting learning
curve is
Log P-1(X(t)) = - E • log X(t) + N1

(Eq. 16)

E = p0 • X(t0) • |ΔPτ| / στ

(Eq. 17)

p0 os the value of the generalized force in the internal loop, Fin, at t = t0 and X(t0) is the
cumulative output at t = t0. N1 is a constant that normalises the curve to empirical data and the
only fitted parameter in the cybernetic theory for the learning curve. N1 is the inverse
performance when X(t) = 1.
The expression for the experience parameter, E, in Eq. 17 is derived by applying nonequilibrium thermodynamics to the non-trivial machine in Figure 1. But circular causality
implied by the operational closure has still not been considered and will further constrain the
learning system and reduce phase space. The question is whether operational closure will
impose constraints on the factors in Eq. 17 or create relations between the factors to simplify
the relation. This is where we turn to quantum theory.
Wene (2018) introduced recursive quantum-like modelling for the learning system in Figure
1. Two levels for meaningful analysis are recognized. On both levels the state of the system is
a spinor represented by a 2|1 matrix with complex elements. On the secondary level, the
spinor describes the superposition of Computing and Producing. The next subsection presents
the calculation of the constant entropy production, στ, on this level. The primary level closes
the operations on the secondary level and the learning curve emerges as eigenbehaviour.
In quantum theory the density operator, ρ, describes the state of a system. If and only if the
state is a pure state, the operator is idempotent, that is when operating on itself it returns
itself, i.e., ρρ = ρ. In cybernetic language it means that a re-entry resolves itself and the
system retains its identity. A pure state means that all coherences between the superposed
states are intact. Wene (2018) uses the density operator to ensure that operational closure is
maintained on the primary level independent of all measurements of entropy production on
the secondary level. The closure is also independent of any starting point for these
measurement, that is X(t0), and for symmetry reasons independent of the generalized force,
p0. The equation of movement in eigentime for the state, φ, on the primary level then
becomes
- 2 • p0 • X(t0) ∙

=

∙

(Eq. 18)

11

Alice, the internal observer sees two components in the output, because the Onsager symmetric matrix may
have non-diagonal elements coupling Jint to the generalized force in the external loop. However, Alice and Bob
can agree on the observed output to the environment.
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The factor 2 is inserted to account for the Möbius-effect. The density matrix has eigenvalues
0 and 1, which provides two solutions for the eigenbehaviour.
=

∙

/

( )

(Eq. 19A)

=

(Eq. 19B)

N1 and N0 are normalization constants.
represents a situation with no learning. Assuming
the probability for 1 for φ1 and 0 for φ0, the formal rules of quantum theory provide expected
values for P-1(τ) and dP-1/dτ and the following relation (see Wene (2018) for details)
|ΔPτ| = 1/(p0 • X(t0))

(Eq. 20)

Operational closure therefore constrains the system and results in the simple expression for E
E = 1/στ

(Eq. 21)

2.2.2. Deriving experience parameters and learning rates
The cybernetic theory for the learning curve uses two different approaches to derive the value
for the experience parameter, E, from which the learning rate, LR, can be calculated as LR =
1 – 2^-E. Wene (2007; 2009; 2010) derives E as eigenvalues by recursively operating on Z
exploiting the circular causality behind operational closure (see e.g. von Förster (1984)).
Wene (2018) uses the formalism from quantum theory to calculate the constant entropy
production in eigentime, στ, and Eq. 21 then provides E.
The results for the basic learning mode are identical in the two approaches. The experience
parameter for this basic (zero order) learning mode is
E(0) = 1/π

(Eq. 22)

The corresponding learning rate is 20% in very good agreement with observations (see
subsection 2.4). However, the two approaches disagree about the density of higher learning
modes, which have considerably smaller learning rates than the basic mode. The recursive
approach finds higher learning modes with eigenvalues
E(n) = 1/[π•(2n + 1)]

n = 1,2,3, ….

(Eq. 23)

The corresponding learning rates are 7%, 4%, 3%, …. The quantum-like modelling finds less
than half this density with
E(n) = 1/[π•(4n + 1)]

n= 1, 2 3. ….

(Eq. 24)

The corresponding learning rates are 4%, 2,4%, 1.7%, …. The difference is probably due to
the Möbius character of the spinor representing the learning system in the quantum-like
modelling. Observations show that there are higher learning modes but are not precise
enough to decide on the density.
The recursive approach is used to investigate how the learning system manages external
perturbations through the double closure in the internal and external feedback loops (Wene,
2009;2010). The calculations indicate the appearance of a phase transition corresponding to
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values of E and of learning rates between the basic and the first higher learning mode. The
learning rates for the phase transition centers around 13%, which agrees with observations.
Quantum-like modelling has still not been used to investigate perturbations, but open system
quantum theory provides the tools for such investigations. Assuming Markovian dynamics,
Basieva and Khrennikov (2021) find a “camel-like” behaviour of the entropy in an open
system exposed to a perturbation represented as an off-diagonal element, similar to the
representation of perturbation in the recursive approach. These results are encouraging,
however, the question is if Markovian dynamics are applicable in the external feedback loop
of the learning system, which is a non-trivial machine.
The calculations with the recursive approach are summarized in Appendix B. They are taken
from Wene (2010) where a matrix representation of the operators were used, but the
operators and procedures to obtain eigenvalues for the learning modes are identical with
operators and procedures in Wene (2007). The advantage with the matrix representation is the
possibility to study the phase transition. The corresponding calculations with the quantumlike model are presented in Wene (2018). Note that the recursive approach does not recognize
any recursive levels, all deliberations in Wene (2007; 2010) happen on the secondary level of
the learning system where learning rates emerge as token of eigenbehaviour. In both
approaches the elements of spinors refer to processes in the learning system model in Figure
1, i.e., on the secondary level to the operations Computing and Producing.

2.3. Empirical evidence: Illustrating double closure in 1780s and in 2010s
One expects that the effects of double closure could best be observed at the start up of the
production of a new technology and during production when the learning system has to
manage major perturbations. Ziegler and Trancik (2021) show how the initial learning rates
for Li-ion battery technology oscillates strongly during the start up and then settles down to a
rate of 20%. We will here look at examples from start up and from production. The start-up
example features the same oscillations as observed by Ziegler and Trancik (2021) and in this
case we can trace the source of perturbations. The second example shows how double closure
manages a major perturbation in the midst of production by a parallel displacement of the
learning curve, as also discussed in IEA (2000, pp. 33-34).
Figure 2A shows the learning curve for a shipbuilding project completed more than 230 years
ago, that is 150 years before Wright (1936) published his seminal paper on “Factors affecting
the cost of aeroplanes”. It is an interesting historical fact indicating that learning curves
measure a fundamental, pervasive phenomenon. The learning curve data have two interesting
features. Firstly, it is consistent with a learning rate of 20% in full compliance with the
theoretical analysis. Secondly, the four first points scatter very much around the theoretical
line. Figure 2B shows how this scatter translates into oscillations of learning rates around the
theoretical rate of 20%. This second feature refers us back to the double-closed system in
figure 1. The scatter and the learning rate oscillations show the external loop safeguarding the
unity of the learning system.
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Figure 2. Production of war ships for the Swedish Navy at Karlskrona shipbuilding yard
1782-1785. (A) Number of days on slip for pairs of ships (twins) 1 – 10. The red line is the
theoretical learning curve for the basic mode with the constant N1 in equation 16 fitted at pair
1. (B) Learning rates obtained by fitting to six consecutive pairs of ships (twins), i.e. twins 16, twins 2-7, …, twins 5-10. (First version of Figure 2A appeared in Wene (2016))

The shipwright, af Chapman, pioneered new, modern methods of shipbuilding. But these
methods were deeply resented by the conservative Navy. At Karlskrona Chapman had to
fight not only weather and light conditions, but also the opposition of the conservatives. The
three first pairs of ships show no improvements in building time – Chapman was preoccupied
with managing the environment, hence the external loop was in the forefront. However, the
fourth pair was built in record time and during the following six pairs he asserted his
methods. This meant that impulses from the environment were controlled and the internal
feedback loop asserted itself. The system had reached the steady non-equilibrium stable state
with minimum entropy production.
Maybe the most striking feature of this learning curve from the beginning of industrialisation
is that also during the initial troubling times the system was still learning at the rate of 20%.
Today’s learning curve for photovoltaic (PV) modules in Figure 3 shows the same resilience,
asserting the basic learning rate of 20%.
The observation of prices and global production extends over four decades. The red line is the
theoretical learning curve for the basic learning mode with the normalization constant N1
fitted to the time series in 1976. It explains observations, but there are two surprises handled
by the double closure: the silicon bubble 2004-2010 and the parallel displacement of the
learning curve after 2012.
The silicon bubble 2004-2009 is the result of successful but not coordinated deployment
programmes boosting growth but also silicon shortage and price hikes (Bradford and
Maycock, 2007). The in-fold indicates the price development of PV-grade silicon during the
period. Silicon prices explain the deviation of prices for PV modules from the learning curve.
The observed time series returned to the theoretical learning curve 2010-2011, that is the
learning continued at basic rate during the bubble. However, deviation from the learning
curve due to the the scarcity cost made government deployment programmes unnecessary
costly. The bubble therefore indicates the need for concerted action among governments. The
need for such action was pointed out in 2000 by the IEA Executive Director in his Foreword
to IEA (2000).
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Figure 3. Learning curve for PV modules 1976 – 2018.
The industry managed the silicon bubble by building factories dedicated to PV-grade silicon
(Bernreuther Research, 2020) and this upstream integration resulted in a parallel
displacement of the learning curve towards less cost between 2011 and 2012. The possibility
of such displacement was envisaged in IEA (2000, pp.33-34) and one of the three case
studies indicated the occurrence of structural changes in the learning system resulting in such
displacement (IEA, 2000, p. 48). From the perspective of the cybernetic theory the upstream
integration involved a change of the boundaries for the learning system. In full compliance
with the theory, the ensuing internal structural changes required a recalibration of the
normalization constant N1, which is the only free parameter. The learning rates before and
after the displacement remains the same, 20%.

2.4. Empirical evidence: Learning rates and experience parameter
Alone, the two examples in the preceding subsection only give anecdotal support to the
theoretical derivation of values for experience parameter and learning rate. The cybernetic
theory claims finding input-output relations that are true for all operationally closed and
feedback regulated learning systems. This claim includes all learning curve phenomena. It is
therefore a very tall order, which we here limit to distributions of learning rates published in
the open literature. Explaining such distributions is a necessary – although not sufficient –
condition to fulfil the claim.
Figure 4 shows results (Wene, 2008b; 2011) for the well-known Dutton-Thomas (1984)
distribution. The basis for the learning rates are learning curves based on cost, which directly
measure the total input to the learning system. This avoids the uncertainty in deducing cost
from price data. The theory predicts values for the experience parameter, E. The figure
therefore compares empirical and theoretical values for this parameter but based on two
different ways of calculating the spread of E-values around the value for the basic learning
mode, E(0) = 1/π.
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Figure 4. Distribution of values for the experience parameter, E, from Dutton-Thomas
(1984). (A) The full-drawn vertical line shows E(0) = 1/π = 0.3183 for the basic learning
mode. The S-curve is the best fit of a normal distribution about E = 0.3110 and a standard
deviation of 0.14. (From Wene (2008b) (B) The curve through the measured points shows
the distribution of E-values around E(0) = 1/π when the learning system manages Poissondistributed perturbations. The curve is calculated according to the procedures in Appendix B.
Phase-shifted learning systems have E-values just below 0.2. (From Wene (2011))

The analysis in Figure 4A assumes a normal distribution of E-values around one average
value. The hypothesis is therefore that whatever is causing the spread, e.g., perturbations or
measurement errors, leads to a symmetrical spread around the average. The S-curve is the
best fit with E = 0.3110, very close to the theoretical value E(0) = 1/π = 0.3183. The analysis
thus supports the prediction of a basic learning mode with a learning rate of 20%. None of the
industries or processes included in the Dutton and Thomas distribution show signs of higher
learning modes, that is learning at inferior rates. However, the hypothesis of symmetrical
spread of E-values around the basic mode is seriously challenged by measured points with Evalues between 0.16 and 0.33, which consistently lie above the fitted distribution. This
deviation suggests that something new happens between E-values 0.16 – 0.22 corresponding
to learning rates between 11 – 14 %. χ 2 tests supports this suggestion (Wene, 2008b, pp. 349351).
Figure 4B test the hypothesis of a phase shift to E-values between 0.16-0.22. Following the
procedures outlined in Appendix B the learning system is exposed to Poisson-distributed
negative and positive perturbations. The negative perturbations reduce E-values and learning
rates and the positive perturbations are expected to increase E-values and learning rates.
Figure B1 in Appendix B shows how the learning system manages symmetrically distributed
perturbations. Perturbations expected to lead to large improvements in learning rates instead
after a while lead to a phase shift in the learning system reducing the basic mode learning
rate from 20% to 11-14%.
The phase shift can be interpreted as follows. An external feature, event or process providing
a free positive contribution to the system performance but remaining too long will eventually
result in a reduction of the learning rate. An interpretation is that the system gets accustomed
to the free contribution to its learning and start losing its own ability to learn. The time until
the onset of the phase shift depends both on the strength of the positive perturbation and on
the age of the learning system. A system that has gone through many doublings of the
cumulative output is more resilient but a younger system will rapidly lose its own learning
ability if exposed to a free positive learning contribution. The phase shift has consequences
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both for the analysis of learning rate distributions and for the possibility to increase learning
rates by public R&D.
The literature provides distributions of learning rates for energy technologies. Figure 5
compares the distributions for energy supply and energy demand technologies (Weiss et al.,
2010) with the theoretical distributions calculated by the procedures in Appendix B including
phase shifts (Wene, 2011). The learning rates are taken from learning curves based on price
data, which may complicate the interpretation. However, there is consensus that the pricecost analysis of BCG (1968) is applicable which means that ratio price/cost is constant in
competitive, equilibrium markets and in such markets the learning rate measured by a
learning curve based on price is therefore identical to the rate based on total costs (see also
IEA, 2000, pp. 35-40).

Figure 5. Distribution of values for the experience parameter from Weiss et al. (2010).
Comparison between the distribution of measured values and the theoretical distribution
calculated according to the procedures in Appendix B. (From Wene (2011))

Wene (2010; 2011) discusses the differences between the three distributions and possible
causes for differences. Our focus here is on the predictions of the cybernetic theory and the
evidence of higher learning modes, that is inferior learning rates for energy technologies.
About 30% of the supply technologies and 15% of the demand technologies moves in a
higher learning mode, which means learning rates of 7% or lower. All the learning systems in
the Dutton and Thomas distribution moves in the basic learning mode corresponding to 20%
learning rate. Wene (2010; 2011) suggests three possible reasons for these differences.
One suggested reason is methodological. The chosen system boundaries may be too narrow
to provide full operational closure. For the analysis of wind energy, increasing the system
boundaries from wind turbines (Neij, 1999) to complete wind parks (Junginger et al,. 2005)
tends to bring results in accordance to those expected for zero order learning. But there are
other reasons with consequences for energy technology policy. Many energy supply
technologies are strongly regulated and especially fossil and nuclear technologies are exposed
to insistent and changing FEPs, e.g., regarding emissions and safety. This may overtax the
system’s ability to adapt through double closure and instead force the system into slower
learning eigenbehaviour. Another environmental factor is government R&D. The purpose is
to produce knowledge to increase learning, but systemically it represents a positive FEP
risking a phase shift. Insistent public R&D on incremental innovations for technologies
competing in the market may relax the internal learning incentives so much that the system
migrates to a slower learning eigenbehaviour.

19

A recent paper by Malhotra and Schmidt (2020) confirms the quantitative conclusions from
the Weiss et al. (2010) distributions. Based on very large database on learning rates for
energy technologies they find clustering about three values of learning rates, namely, 20%,
15% and 4%. In the cybernetic theory, these learning rates corresponds to the basic learning
mode, the phase shift and the first higher learning modes, respectively. However, the authors
do not recognize this interpretation. They interpret their findings in a two-dimensional
topology where Customizing and Complexity explain the three clusters of learning rates. This
topology does not freely resonate with the cybernetic theory but presents inspiring
challenges.
“Customizing” challenges double closure and system boundaries and could therefore impede
learning. It is more difficult to see the role of “Complexity”. McNerney et al. (2011) defines
“Complexity” in terms of a system engineering tool, the Design Structure Matrix, but
Malhotra and Schmidt has difficulties in finding a reliable practical procedure to apply it to
real technologies. “Complexity” is a household term within cybernetics but is subsumed in
operational closure. It is difficult to see how complexity as defined by the authors could
degrade the performance of a system specifically designed to manage this complexity. Such
system would not survive on the market. The cybernetic theory finds the learning curve
emerging from the Onsager relations constraining the entropy production inside the learning
system. This suggests the definition of complexity proposed by Bialek et al. (2001), i.e.,
complexity measured by the non-extensive part of entropy production. However, although
theoretically interesting, the usefulness of such measure in a concrete learning curve analysis
needs to be demonstrated.
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3. Embodying the Learning System
3.1.From Learning System to Learning Organization
Considerable efforts, resources and ingenuity have been engaged to model the energy system,
both from a systems engineering point of view and from an macroeconomic point of view.
Espejo et al. (????) represents a pioneering effort to understand the energy system from an
organizational point of view. The energy technology learning systems requires the same
systematic modelling efforts to support policy and strategy analysis. This section proposes
the Viable System Model (VSM) (Beer, 1979; Espejo et al., 1999) to initiate such efforts,
using OADI-SMM as a bridge between the Non-Trivial Machine (NTM) of Figure 1 and the
VSM. The presentation relies on an early report to the Swedish Energy Agency (Wene,
2010a).
The purpose of the following presentation is to indicate the potential of VSM in relating the
loops and operations in the technology learning NTM to organisational processes. Using
insights from cybernetic methodology and VSM applications, Espejo et al (1996) have given
the OADI-SMM learning model a cybernetic interpretation. Their analysis is used with two
idealisations. Firstly, individual and organizational learning are fully aligned (see subsection
2.1.3 on the third perspective) and secondly, internal obstacles to learning are ignored).
Espejo et al. analyse in detail these internal obstacles, which may explain why different firms
in the same time period may show quite different learning rates for the same technology. We
are here concerned with the learning outcome from the whole industry and will therefore
assume that the measured experience or learning curves indicate the envelope of technology
learning, thus representing those firms which manage their learning best, i.e., have overcome
internal obstacles to learning.
The following subsection 3.2 relates the loops and operations of the technology learning
NTM to the constitutive subsystems and their relations in VSM. It also starts the discussion
of learning as a recursive phenomenon. This discussion is continued in section 3.3 pointing to
the way different autonomous levels may relate to the system environment. Searching for
metaphors, one could say that VSM sees learning as contrapuntal process where the theme is
passed from levels within levels within levels in the learning system.

3.2. VSM and the three loops in the NTM of the Learning System
Figure 6 shows the five constitutive systems for an autonomous organisation, e.g., a firm or a
business unit in a corporation or the corporation itself. Autonomous means that the
organisation forms and controls all its operations, including the relations between the
operations, meaning that the organisation has operational closure. Beer (1979) refers to the
systems as System 1, 2, 3, 4, 5 but we have adopted the naming of Espejo et al. (1999).
In the example in figure 6 there are three Primary Activities, PA, which define what the
organisation is doing. In the case of a technology producing firm one PA could be the
production and sales of a certain type of the technology, e.g., on-shore wind mills.
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Figure 6. Viable System Model with main interactions between the constitutive systems. The
labels are described in the text. (R&R: Resources and Resposibilities)
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Cohesion, Intelligence and Policy together forms a metasystem responsible for value
creation, strategic planning and daily operations of the system of Primary Activities. Coordination is a system providing services and detailed rules for the working together of the
Primary Activities. The system is there to prevent/resolve day-to-day conflicts and to aid
daily exploitation of synergies between the Primary Activities.
There are two key points to keep in mind for the following discussion.




All the PAs are in themselves autonomous organisations with exactly the same
structure as in figure 6. This means that on a given recursive level each PA contains
new PAs, management metasystem and coordination but on more detailed level.
Unfolding the organisation will thus show autonomous systems within autonomous
systems forming a series of recursions. Through the unfolding learning emerges as
counterpoint.
The metasystem provides the adaptation mechanism for the system of PAs (Espejo et
al., 1996). This means that we expect to find the learning centre here, i.e., the site for
Computing and for the CSRL-operator in the cybernetic approach to technology
learning or for the steps of Assessment-Design in the OADI-SMM model. However,
the metasystem as adaptation mechanism appears at each recursion of the
organisation. What at first sight may appear easily localized is in fact spread
throughout a viable organisation. This contrapuntal nature of learning is a strong
argument in favour of our epistemological stance, which views technology learning
as eigenbehaviour rather than as a result of interacting environmental factors.

In the following we will use the OADI-SMM model as an intermediary for interpreting the
technology learning theory in the language of the Viable System Model. The first letter in the
labels attached to the loops refers to the different steps in the OADI model. The index “n”
refers to the recursion in focus and “n-1” to the previous recursion. The letters “e” and “i”
attached to O (for Observing) refer to environment and to the inside of the organisation,
respectively. The loops show the flow of information to or from operations in the five
systems. Although some of the loops may be associated to transfer of capital, labour, goods,
materials, energy or services, a diagram showing flows of these factors may look quite
different from figure 6.
Cohesion is occupied with the day-to-day working of the organisation and can only observe
the inside of the system directly. VSM thus suggests that the internal feedback loop in the
technology learning NTM corresponds to Cohesion observing and controlling PAs and using
Coordination and Revision as important aiding system and process. The kingpin in the
internal feedback loop providing the measure for the systems eigentime is Cohesion.
Considering recursion makes the picture more complex, but does not change the main
conclusion. The Intelligence system in each PA is directly observing the Environment,
however, the observations refer to the next lower recursion that is at higher resolution but at
less scope than Cohesion at nth recursion is designed for. Any information about
Environment reaching Cohesion must be processed and filtered through the PAs and it is up
to Cohesion to make sense of it on its level of recursion.
Intelligence is the only system directly observing the Environment in the nth recursion and is
the main node in the external feedback loop in technology learning NTM. It is observing the
effects of the operations of the PAs, but in order to make sense of the observations it must
relate them to these operations and to its own image of the organisation and the possibilities
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to improve performance of the organisation. This is where it must enter into a self-reflecting
loop together with Cohesion.
The conversational loop between Cohesion and Intelligence is where internal images of the
system and its products meet observations about the inside and the outside of the
organisation. The organisation is both observed and its own observer. The conversational
loop represents the self-reflecting loop in technology learning NTM. If successful, the
conversations produce common meaning for Cohesion and Intelligence about the status of the
organisation on the actual recursion and about how performance should be improved. This
represents Assessment and Design. The conversational loop therefore provides the key to
identify the organisational processes described by the CSRL operator.
Implementation as a task for Cohesion implies, e.g., changing allocation of resources to the
PAs and changing the rules according to which the PAs are co-ordinated. It may also incur
changes in systems further down the chain of recursions. Implementation may also involve
Intelligence in searching for new knowledge, e.g., R&D results available in the Environment
or instigating internal R&D projects.
The above discourse shows that VSM provides a platform to translate findings of the
cybernetic theory for technology learning into observables for real organisations. Such a
platform is needed to verify conclusions and realise the policy implications of the model. But
VSM also makes explicit a new aspect of learning, namely its recursivity or what we have
referred to as the contrapuntal nature of learning.
Each of the PAs, including the nth recursion in figure 6, is autonomous, that is, they all have
operational closure. This means that each PA develops eigenbehaviour. If they are
undisturbed, the basic learning rate for each of them should be 20%. How is this possible?
The answer is that it is not only possible but necessary for the functioning of the organisation.
It is what is asked from a counterpoint. The meta-management in the nth recursion cannot
dictate the internal operations of the Primary Activities; this is the meaning of operational
closure. But the meta-management is responsible for the efficient functioning together of the
PAs on his level so that a learning rate of 20% emerges on this level. This seems doable if the
PAs average at the basic learning rate, but virtually impossible to uphold with PA learning
rates below 20%.
VSM’s emphasis on recursive learning also throws some light on the on-going controversy
on scale vs. learning12. The point made is that whether one concludes that cost reductions are
results of cumulative sales or of building larger production units depends on the position of
the observer relative to the observed. Building larger production units is an event at a specific
recursion and an observer of that recursion may conclude that cost reductions are indeed a
result of economies of scale. PAs at other recursions adapt to the event and an observer of
these systems may conclude that it is the cumulative experience on economies of scale that
provides the necessary learning to be able to exploit economies of scale to reduce cost.
Considering technology learning as eigenbehaviour resolves this chicken-or-egg paradox and
instead views the learning expressed by the learning or experience curves as an emerging
property of a viable organisation in a competitive environment.

12

See e.g. IEA (2000) footnote 7 on page 28.
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3.3. The Enviroment: Public R&D and the Energy System
For the energy technology producer the two most important systems in the Environment
influencing technology development are the public R&D system providing new knowledge
relevant to production of the technology and the energy system buying and operating the
product. Primary foci for an efficient energy technology policy are the interactions between
the three systems, i.e., the production, energy and public R&D systems. What policy actions
should be taken, that is merely studying or facilitating or influencing or even managing the
interactions, is open to debate, however, consensus seems to be that successful interactions
between the three systems is one of the keys for the transformation to a sustainable economy.
The question is what insights cybernetic theory on learning and organisation can provide on
these interactions.
The richness of insights from the cybernetic theory could best be demonstrated by case
studies, e.g., of the wind, solar cell or nuclear industries on the supply side, or white ware or
lighting industries on the demand side. The following represents a generic discussion offered
to aid initial formulation of research questions for case studies.
The presentation is arranged around three themes: recursivity of learning, managing
perturbations and nature of relation between the systems.

Figure 7. Recursive levels of the three systems

Figure 7 demonstrates that all three systems unfold into different recursive levels. For the
sake of the argument, three recursive levels are assumed, micro, meso and macro. Only a case
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study can reveal if this is an appropriate unfolding of the learning system. On the meso scale
one can argue that both public R&D and energy system splits into two. On the European
scene EU’s research programmes cut over the national borders and forms a recursion. The
same is true for the electric system, one of the most important subsystems in the energy
system.
The existence of a global level for the three systems is maybe more contentious. The system
of Implementing Agreements within the framework of the International Energy Agency could
be seen at least as an embryo to a global R&D system. Likewise fossil fuels have many actors
with a global reach and also here IEA plays a role, mainly in the Intelligence system. The
question about the presence of a learning system on the global level is of course especially
relevant. The need to base the learning or experience curve on global production and sales
has been pointed out by many authors, e.g., for solar cells (IEA, 2000; Schaeffer et al, 2003)
and for wind (Junginger et al,. 2005). However, does this imply a fully developed global
recursion? There are global producers of technologies wind and solar power, and it is
interesting to note that the 2010 Conference on Wind Farm Development choose as a theme
“Driving Growth Through Maximising Information Exchange within the Wind Farm
Industry”13. Considering global learning vs. local deployment, an important issue for a case
study of technology T is the unfolding of the learning system and identifying actors
embodying the five subsystems and their relations in each recursion.
The message from figure 7 is that unfolding is a prerequisite for a policy relevant analysis of
the interactions between the three systems of public R&D, technology production and energy
conversion and use. On which levels information is conceived, emitted and received is
important for the way the learning system adapts or not adapts. This leads to the second
theme, management of perturbations, which to an external observer appears as adaptation to
perturbations.
A system with operational closure acts according to its internal structure. In the previous
chapter we have chosen to describe the technology learning aspect of this structure by an
internal state function. Actions are thus structurally determined. It is meaningless to say that
the system reacts to signals or to features, events or processes (FEPs) in the environment
because the actions observed following identical FEPs at different time may be quite
different. The reason that an observer finds a new response is that the system has changed its
internal state, e.g., due to technology learning. The system may for instance at one time adapt
and at another time not adapt to identical external perturbations. From the point of view of
technology learning, perturbation and subsequent adaptation may lead to deviations from
eigenvalues for learning rate. The purpose here is to discuss perturbations and adaptation
from the view of VSM.
On each recursive level, Intelligence is the host of a model of the organisation and its
environment. Knowing the decisions on Implementation made after the joint Assessment and
Design with Cohesion, it can compute the expected results in the Environment and compare
with its Observations. We define as perturbation any deviation between expected behaviour
of Environment and observed behaviour. Volume growth after cost reductions is expected,
but lack of volume growth is a perturbation and may need management. Regulations not
previewed in the actual recursion are perturbations in that recursion – although they may not
appear as perturbations on another level where they were previewed. Results obtained in the
13

See www.acieu.net
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public R&D may if adopted lead to unexpected incremental innovations and are thus
perturbations.
The message is that it is the internal structure of the learning system that decides whether a
FEP is a perturbation or not. Also the sign and value of a perturbation depends on internal
processes in the learning system. A regulation that turns out to be less severe for the system
than previewed will appear as a positive perturbation. An expected innovation based on
public R&D that fails to materialize is a negative perturbation that may temporarily influence
learning rate. FEPs appearing regularly may first appear as perturbations but as Intelligence
updates its models they may sink into the Environmental background. Subsection 2.4 and
Appendix B show how a persistent positive perturbation originally improving learning rates
leads to a phase shift that reduces learning rates.
An important question for future case studies is how Intelligence maintains and updates its
models to avoid perturbations and keep the system on its optimal 20% learning rate. This
leads to the third theme, namely the relations between the public R&D and technology
learning systems and between the learning system and the energy system.
Figure 7 indicates that the learning and energy systems have the same business identity,
which suggests a larger affinity between these two systems than between the public R&D and
learning systems. The experience curve also suggests a strong coupling between the learning
and energy systems. For the energy system, the technology learning system provides a crucial
input and means for structural transformation and likewise the energy system provides the
means for transforming the technology manufacturing system. Borrowing Maturana and
Varela’s (1980) terminology for biological systems, Wene (2008a) finds the two systems to
be structurally coupled. Such systems “will have an interlocked history of structural
transformations, selecting each other’s trajectories (Varela, 1979).
Private industry R&D is an important element in technology learning and one would expect
this to aid interaction between the learning and R&D systems leading to a bonding between
the two systems similar to the one between the learning and energy system. However, the
different identities cause problems. Wene (2008b) argues for a clear distinction between
public and private R&D, and continues
The former seeks to enhance the capacity for effective action in society, the latter in the
enterprise or enterprises to which it belongs. Government R&D programmes primarily
fund public R&D, which the model places outside the technology learning system. This
distinction between external public and internal industry R&D is a prerequisite for
operational closure of the learning system and thus for the system to achieve the zero
mode learning rate. Public R&D can seed the learning process within the industry but not
improve performance. Government-funded demonstration projects with industrial
participation aid the transfer of results from the public R&D process to the internal
industry R&D process. Targeted government R&D grants to industry R&D can also aid
this transfer (Guellec and van Pottelsberghe, 2003). But the conclusion from the analysis is
that once the results from public R&D are assimilated into the industry stock of
knowledge, the ensuing technology learning process requires operational closure of the
learning system in order to be efficient. Only the prospect of a radical innovation
motivates reopening the public R&D channel to interfere with the learning system. (p.
354)
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These arguments can be compared with IEA (2000):
… public R&D can seed the learning process within the industry but not directly influence
total cost. In order to contribute to cost reductions and to the industrial stock of
knowledge, the output from the public R&D process has to enter into the internal industry
R&D process. The outstanding feature of this internal learning process is that there is no
virtuous cycle and no substantial cost reductions without market interactions. (p. 30)
Wene (2008b) concludes that deployment programmes are more efficient than government
investments in public R&D programmes to make a technology already introduced on the
market cost-efficient. Two clarifications should be made. The first is that the conclusion is
based on case studies of experience curves and government R&D expenditures for renewable
technologies and on the cybernetic theoretical analysis. So far no organisational case studies
of the type proposed here has been made. The second clarification regards the role of R&D.
The conclusion recognizes the crucial role of R&D to reduce cost and improve performance
for pre-commercial energy technologies. However, it insists that this is the task for private
industry R&D and that deployment programmes on a competitive market is an efficient way
to stimulate investments in private industry R&D.
Considering the distinction between public and private industry R&D, the above conclusions
do not conflict with recommendations for more R&D on energy technologies, issued for
instance by IEA (IEA, 2010). The agreement on objectives but the disagreement on measures
can be illustrated by the conclusions in Nemet and Baker (2009)
The central policy implication of these results is that government must find a way to
engender this R&D, whether it is funded by government itself or by the private sector in
response to changing demand conditions. In fact, one might argue that the key question
policy makers face in regards to PV development is how to encourage this R&D, rather
than how to support economies of scale and learning-by-doing. (p. 74)
Based on case studies (IEA, 2000; 2003), I argue that deployment programmes are excellent
tools to change demand conditions to stimulate private R&D. Deployment programmes has
the great advantage that they provide this stimulation without endangering the operational
closure necessary for efficient learning. If they also stimulate economies of scale and
learning-by-doing, this should be considered a bonus. Technology learning includes the effect
from all three processes.
Reaching an efficient balance between government R&D and deployment programmes is a
crucial issue for energy technology policy. Expressed in cybernetic language it means finding
a balance between the interactions of the technology development and manufacturing system
in figure 7 and the two systems flanking the learning system. Case studies based on VSM and
the cybernetic theory for technology learning can provide new insights on this balance.
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4. Energy Policy and the Learning Curve
4.1. Learning Investments
From a strict resource perspective the learning curve shows how to make a non-cost-efficient
technology cost-efficient in an existing market without changing existing cost structures in
that market. But the technology must learn through being deployed in the market and the
management of the learning system need to find the resources to provide these learning
opportunities. The resources needed to ride the learning curve are referred to as learning
investments (IEA, 2000; Wene, 2008b). The learning curve shows these resources to be
investments that will be recuperated as deployment continues. An enterprise launching a new
product may internalize learning investments by initially pricing under cost. The first buyers
may also have an increased willingness-to-pay (see IEA, 2003, pp. 58-61). New energy
technologies often require large learning investments so governments deployment
programmes may intervene in markets and open learning opportunities by changing existing
cost structures in favour of the new technology. This will be discussed in 4.3.

Figure 8. Illustrating Learning Investments. (A) Schematic view of the relations between the
learning curve for the challenging new technology, the cost that the challenger needs to
reach to compete with the incumbent technology and the willingness-to-pay for challenger
(Adopted from IEA, 2003). (B) Learning Investments are paid back as the challenger
continues to learn.

Figure 8A schematically illustrates the dynamics of the competition between the new
technology, the Challenger, and the incumbent technology. Let Cost(CH, t) be the cost of the
challenger at time t and Cost(INC, t) the cost that the challenger needs to reach in order to
compete with the incumbent technology in the market. The learning investments at time t is
then
Learning Investment(t) = Cost(CH, t) – Cost(INC, t)

(Eq. 25)

The challenger provides the same service in the market as the incumbent technology so the
learning investment is defined as the additional cost for the challenger. The incumbent
technology may change as the challenger rides down the learning curve. Incumbent tech
nologies also learn, but at a considerably lower pace because they are at the tail end of their
logarithmic learning curve. Figure 8B shows the shape of Equation 25 assuming a smooth
deployment rate of challenger. As the challenger continues to learn after breaking even with
the incumbent the investment in learning will be repaid. The example in IEA (2000, p. 79,
fig. 4.3) shows the present value of learning investments in PV technology for the period
2000-2030 at 5% real interest to be +330 GUSD.
29

The curve marked “Willingness-to-pay” indicates that the challenger may have some
properties that provides additional value to the first buyer. Such niche markets may act as
stepping stones for the challenger and can be used to reduce the cost of government
deployment programmes. Japan’s Roof-Top programme for PV 1993-2003 used this
opportunity (IEA, 2000, pp. 64-74).
Real deployment of a challenger will not provide such a smooth curve for learning
investments as in Figure 8A, but the main features will remain. Figure 9 shows the learning
investments for PV modules. Data are taken from Figure 3 and Cost(INC, t) is assumed to be
constant and equal to 0.5 USD(2001/Wp.

Figure 9. Learning Investments for PV Modules. The bold line shows the actual learning
investments from the observed time series in Figure 3. The thin line shows the learning
investments with the actual deployment data but prices following the original learning curve
in Figure 3. Deployment after 2018 is assumed to follow the average historical growth rate of
35%.

Deployment started in 1976 but real commitment to PV learning investments were required
only after 2000. Comparison between actual investments and investments following the
original learning curve shows the effects of the two surprises discussed in 2.3. The actual
undiscounted learning investments up until 2015 was 98 GUSD(2001) but the investments
following the original learning curve would have been almost the double or 184
GUSD(2001). The silicon bubble 2004-2010 increased the learning investments by 24
GUSD(2001), but the change of boundaries for the learning system through upstream
integration made the PV modules cost-efficient already 2015 and reduced learning
investments by 107 GUSD(2001)14.

14

All numbers for the PV modules are given in 2001 USD throughout. The numbers can be converted to 2020
USD by multiplication of 2.
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4.2. The Learning Curve needs Embodying Policies
Riding down the learning curve of a major nascent technology requires stamina and
considerable financial muscles. In the case of solar PV it has been nation states deployment
programmes that – collectively – have supplied stamina and financial muscles. Figure 9
indicates that the financial commitment is modest in the beginning of the learning curve so it
may be possible for even a small nation state to initiate the learning (Martinsen, 2011).
However, the final push towards economic viability requires considerable resources, which
for a technology like solar PV may be outside the reach of even major states acting alone.
This brings up issues about the advantage of the first mover and the need for concerted
action. Not only learning systems but also policies have to be embodied. The question arises
about the organisational platform for energy technology policies and strategies; should the
base be nation states or corporations. The learning curve ride for solar PV has mostly been
driven by deployment programmes in nation states but the learning in Li-ion battery
technology is driven by corporate strategies. A key question is the management of the
organisational platform; will there emerge some form of meta-state organisation or will some
states through the mere size of their markets establish an imperial structure or will one or a
few corporations seize the leadership.
The questions about first mover advantages, need for concerted action and organisational
platform arise gradually by increasing learning investments. Initial cost for on-shore wind
power were close to break-even and the learning investments smaller than for solar PV (see,
e.g., IEA, 2000, pp. 52-64). There was little need for concerted action and Denmark could
enjoy the advantages of the first mover (Neij, 1999). However, the future does not offer such
“low-hanging-fruits”.

Figure 10. Japan’s share of learning investment in different global scenarios (Adopted from
IEA, 2000)

Figure 10 illustrates how the need for domestic learning investments in Japan’s pioneering
PV Roof Top programme depended on deployment outside of Japan (IEA, 2000, pp. 71-74).
The goal was to reach a total installation cost of 3 USD(1997)/Wp, which required total
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global learning investments of about 19 GUSD(1997)15. At historical growth rates outside
Japan this goal could be achieved in 2007 at learning investments inside Japan of 9
GUSD(1997) or less than half of the total global investments. However, stagnant growth
outside Japan would require Japan to pay 80% of total learning investments while strong
growth globally would reduce Japan’s share to 40%. With unchanged deployment within
Japan the goal of 3 USD(1997)/Wp would be achieved in 2010 in the stagnant case while the
goal would be achieved in 2006 in the strong growth case. Both the resources needed for the
deployment programme and time for its successful termination depend on action in markets
outside Japan.

Figure 11. Total installed capacity in six countries 2000 – 2020. (Data from IRENA statistics)

Figure 11 shows the deployment in six countries after 2000. The message is similar to figure
10; the ride down the learning curve is a relay race with the six countries as major
participants. After the initial efforts of Japan, Germany took over the relay. The German
electricity consumer carried the PV industry over the silicon bubble. In 2015 China took over
Germany’s role as the global leader in solar PV installations. Using its market potential and
being the major global producer of PV-grade silicon, China increased its installed capacity
five times in the period 2015-2020. Still, however, the sum of capacities in the other five
countries equals that of China. Bringing solar PV to break even with existing technologies to
produce electricity has been a truly collective effort.
The analysis implies that the operationally closed learning system transcends national
borders. But then efficient and legitimate energy technology policies must also transcend
national borders. The standard solution would be a hierarchical one: an international agency
through which member states can negotiate their policies but hampered by the national states
unwilling to cede any of their independence. The point here is that the operationally closed
learning system for PV modules achieved cost efficiency without any international agency.
15

When comparing to Figure 9 it should be noticed that the learning investments refer to the whole
installation, i.e., PV module and Balance-of-System and that breakeven is at 3 USD(1997)/Wp, that is Cost(INC,
t) = 3 USD(1997)/Wp in equation 25.
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The system self-organizes to an operationally closed and entangled entity. “Entangled” means
that learning in one part of the globe influences learning in another part; once a technology
enters the global stage learning cannot be isolated to nation states.16 This entanglement must
be investigated, e.g., by looking at the embodiment of the learning system discussed in the
previous section. The “invisible hand” of the market institutes self-discipline, but that is only
part of the story. The learning is achieved through the internal feedback loop and understood
through non-equilibrium thermodynamics and the Onsager symmetry relations. Is it possible
to achieve self-organisation and organizational closure also for an international policy system
and to challenge constraints produced by nation states?
Espejo (2020) proposes Enterprise Complexity Model (ECM) to work from global challenges
such as climate change with a focus on strengthening and developing organisational systems
to coordinate resources towards action for a global support of local activities. He continues:
If we want to go beyond nation states, the challenge is not proposing global institutions to
be in charge of responses to global challenges; it is coordinating resources from all over
the world, with the aim of dealing with these challenges. ECM are related to building up
networks with requisite variety to extend the viability of enterprises, whether private,
public or mixed, considering nation states beyond their viability to focus on policy-issues
such as climate change, health pandemics or sustainable energy. (Espejo, 2021)

4.3. Efficient and Legitimate Government Market Intervention
The generally espoused policy measures to manage climate change and promote transition to
a carbon-free economy are carbon tax and carbon certificates. Such measures are consistent
with mainstream economic theory in particular the Second Fundamental Theorem of Welfare
Economics. The theorem sees lump sum transfers to target areas as legitimate policy
measures.
However, neither carbon tax nor certificates would have put solar PV on the learning curve in
1990s when the price for PV modules was 70 USD(2001)/Wp or over 100 USD/Wp in today
money. Without policy measures in the form of feed-in tariffs or investment support directly
targeted to solar PV we would not have this technology available today at cost-efficient
prices on global mass markets. Likewise, wind power required Government deployment
programmes to ensure learning opportunities and investments. Today, the corporate world
supplies learning investment for Li-ion battery technology out of its own pocket, but in doing
so relies on strong Government support for the electric car.
How can Government deployment programmes involving direct market interventions in
favour of specific technologies be reconciled with the Second Fundamental Theorem of
Welfare Economics? The answer is that the theorem is not compatible with learning curves
for cost, i.e., experience curves. The existence of experience curves rejects as false the major
condition for the validity of the theorem.

16

“Entanglement” is today a key concept in quantum theory, having roots in the discussion in the 20s and 30s
between Einstein and Bohr on the completeness of quantum theory. The meaning of entanglement given by
operational closure is consistent with the meaning in quantum theory.
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Figure 12. Modelling experiment with learning curves 1997 (Figures from IEA, 2000, fig. .4.6)

The evidence-base cybernetic theory presented in section 2 explains and demonstrates
learning curves as grounded in well-established physics theories. The confidence in learning
curves provides renewed significance to an energy modelling experiment published in 1997
(Mattsson, 1997; Mattsson and Wene, 1997; see also IEA, 2000, pp. 84-91). System-in-focus
was the global electric system 1995-2045, which was studied by an optimising energy model
with learning (experience) curves specified for each emerging energy technology. The result
was multiple minimum total cost solutions for the same problem. Figure 12 shows two of
those solutions here, with almost the same total cost but completely different mix of
technologies. The focus in 1997 was on technologies but the conclusion here and now is
about paradigms. The existence of multiple optimal solutions to one and the same problem
shows that experience curves create non-convex solution space. This may at first seem a
purely technical comment. But it has serious consequences. The major condition for the
validity of the Second Fundamental Theorem of Welfare Economics is convex solution
space. The modelling experiment evokes three observations. (1) Experience curves and the
Second Theorem are not compatible. (2) The reliance on “lump sum transfers”, e.g., carbon
tax, as the only legitimate policy measure is not theoretically grounded. (3) Government
deployment programmes with market interventions are legitimate and can be made efficient.
Figure 13 sets the present findings on learning curves in a climate change perspective. Efforts
within international institutions is directed towards the right-hand loop. Large climate models
detail the relations between emissions of greenhouse gases and climate change and energyeconomic modelling systems investigate how the energy system reacts to carbon tax or
emissions caps, e.g., in the form of CO2 permits. Outcomes are recommendations of carbon
taxes and permits, i.e., policy measures aligned with mainstream economics. There are,
however, considerable problems in getting all nation states to apply those measures in a
consistent and coherent way. The recent IEA(2021) report on net zero emissions from the
energy system provides milestones that show what technologies need to be deployed how
much and when in order to reach net zero emissions by 2050. The report represents frontline
modelling but milestones are not policy measures; the milestones are set in a roadless
landscape, there are no roads leading up to them.
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Figure 13. The two core loops for a transition to an energy system with net zero CO2
emissions (Wene, 2016).

The experience with solar PV, wind power and battery technology show that activating the
learning curve can and is necessary to build roads up to the milestones. Enough nation states
seem willing to institute the required deployment programme and make the learning
investments without internationally acknowledged recommendations. So far, we see
operationally closed and entangled learning system emerging that bind national efforts
together into an efficient learning curve. The benefit in form of a cost-efficient, low-carbon
technology is shared by all countries, however, the benefit in form of a thriving, future
industry is not necessarily shared among those countries who have paid the learning
investments.
Figure 13 points to a strange dichotomy in the management of climate risk. The international
level dominated by mainstream economics, who usually deny the existence of cost learning
curves (see, e.g., Nordhaus (2014)). The climate risk and energy system transition are
analysed by advanced computer models. Recommended policy measures apply to the whole
economy, but nation states hesitate to institute them and their reporting, control and
assessment will require considerable efforts. On the nation state and corporate levels, actors
are willing to risk learning investments, that are instituted by deployment programmes
targeting specific technologies. These policy measures oppose recommendations from
mainstream economics but agree with learning curve theory. The learning systems selforganize and control their own performance. However, the sharing of benefits cast doubt on
the sustainability of the present situation and the need for future coordination among nation
states.
A healthy balance between both loops in figure 13 is necessary for efficient risk management.
The dichotomy points to the need for research.
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5. Conclusion
Achievements and identified research questions may be summarized under three headings:
 Cybernetic theory and empirical observations. The evidence-based theory has one
adjustable, normalization parameter and is grounded in well-established physics
theories, non-equilibrium thermodynamics and quantum theory. It explains the shape
of the learning curve and under what circumstances this shape emerges. Learning
rates are derived from eigenvalues to the spinor describing the operationally closed
learning system or from the entropy flow through the system. The two derivations
provide the same basic learning rate of 20% but predict different densities of higher
learning modes with lower learning rates. The distribution of learning rates around the
basic rate shows how the double-closed learning system manages environmental
perturbations. Force-feeding the system, e.g. by incremental innovations from public
R&D, eventually causes a phase shift locking the system in learning rates below 20%.
The theoretical predictions agree with empirical observations.
 Embodying the learning system. This is an open research question that requires
organizational analysis on a global level. Initial efforts suggest that the Viable System
Model and the OADI-SMM model provide methodological bases. Comparing the
identity of the Public R&D system and the learning system emphasizes the need to
distinguish between public and private R&D.
 Energy policy and the learning curve. The successful ride down the learning curve for
several key low-carbon technologies exposes a strange dichotomy between
internationally espoused theories to manage climate change and theories actually in
use in nation states. Together, nation states have paid about 200 GUSD(2020) in
learning investments for PV modules and probably the same amount for the balanceof-system. The global operationally closed and entangled learning system delivered a
cost-efficient low-carbon technology as predicted more than two decades ago.
The learning curve is probably the closest my generation will come to Hari Seldon.
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Appendix A: Deriving the expression for the Learning Curve
The literature on non-equilibrium thermodynamics provides the expression for diS. The
internal and external feedback loops in figure 1 are the sources of entropy production,
meaning
diS / dt = Jin ▪ Fin + Jex ▪ Fex
(Eq. A1)
Jin and Jex are the flows in respective loops and Fin and Fex are the generalized forces
sustaining these flows (Onsager, 1931; Kittel, 1958, pp. 159-165). At an undisturbed steady
state the external flow, Jex, would vanish (cf Prigogine, 1980, p. 88) while the internal flow is
equal to the output that can be observed by an external observer, i.e., Jin = dX(t)/dt. The
external observer also finds that the inverse performance, P-1(t), of the learning system is
monotonically decreasing and after consulting equations 6 and 12 concludes that the internal
force, Fin(t), must be monotonically decreasing in calendar time. A first Padé approximation
for the generalized force is
Fin(t) = p0 / (q0 + q1▪X(t))

(Eq. A2)

where p and q are positive constants. For the external observer, a good approximation for the
entropy production in the learning system is therefore
diS / dt = Jin ▪ Fin = [dX(t) / dt] ▪ [p0 / (q0 + q1▪X(t))]

(Eq. A3)

We have assumed in Perspective 1 in subsection 2.1.1. that eigentime is a function of
cumulative production, i.e., τ(X(t)). The entropy production can therefore be unfolded into
eigentime to provide a differential equation for τ(X(t)).
diS / dt = diS / dτ ▪ dτ(X(t)) / dt = [dX(t) / dt] ▪ [p0/(q0 + q1▪X(t))] (Eq. A4)
Entropy production is constant in eigentime, i.e., diS/dτ = στ . Solving equation A4 yields the
following expression for τ(X(t))
τ(X(t)) = (p0 / q1 / στ ) ▪ ln (q0 + q1▪X(t))

(Eq. A5)

Equation A5 states that eigentime in a learning system is a function of the logarithm of
cumulative output. If q0 ≪ q1▪X(t0) we can set q0 = 0 and equations 6 and A4 provide the
shape of the learning curve in equation 1.17
A ▪ dP-1(t)/dt / P-1(t) = - [dX(t) / dt] ▪ [p0/(q1▪X(t))]

(Eq. A6)

Integrating over calendar time, t, provides the wanted expression
log P-1(t) = - p0/q1/A • log X(t)

(Eq. A7)

However, our ambition is to calculate the experience parameter, E, and find the learning rates
for the unperturbed LS. The possible influence on E from the strength, p0, of the generalised
force need to be considered. We have already set q0 = 0 meaning that we ignore any start up
or edge effects.18 Eigentime then becomes a linear function of cumulative output and the
parameter q1 provides the starting point for the time scale. The starting point should not
influence E and can be chosen by the observer. By setting q1 = 1/X(t0) the external observer
finds eigentime given by
τ = p0 • X(t0) • ln(X(t)/X(t0)) / στ

(Eq. A8)

17

The objective for Wene (2013) was to show that the rules for the steady non-equilibrium state provide the
learning curve in equation 1. The values for q0, q1 and p0 were in that paper chosen to obtain a comfortable
metric, but no efforts were made to calculate values for the experience parameter.
18
Comparing actual learning curves with the now theoretical form in equation 1 verifies q0 ≪ q1▪X(t0).
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Eigentime is zero, τ = 0, when observer time is t0 . Both the system and the external observer
agree that τ = N marks N•στ/p0/X(t0)/ln 2 doublings of cumulative output since τ = 0.
With this choice of q0 the experience parameter, E, is given by equation A7
E = p0 • X(t0) • |ΔPτ| / στ

(Eq. A9)

Appendix B: Calculating learning rates with the recursive approach
(Wene, 2010)
In the unperturbed case, the external loop carries the urge from the perfect competitive
market to improve performance as much as possible but no information about perturbations.
It can therefore be seen as a constant factor in this case. The internal loop tracks output from
Production. In the mathematical formalism, its actions are described by the operator C+. The
self-reflecting loop sets performance via the internal state, Z, based on its interactions with
the internal loop. In the mathematical formalism, its actions are described by the operator
CSRL.
The two operators can be interpreted in the OADI-SMM model. In the aggregated universe of
the learning curve the C+ operator provides the corporate memory, the Shared Mental
Models, in the OADI-SMM model. The C+ operator also introduces an internal clock for the
learning system. The two steps performed by the CSRL operator maps onto the Assess-Design
steps of the OADI model. In the assessment step CSRL forms an image of the previous design
attempt. The image is increasingly rotated and enlarged according to the outcome of the C+
operator. In the design step the image is projected back onto the original vector. The rotation
places the image further and further away from the original vector and ensures that the
procedure converges to a finite number in spite of the image growing as cumulative output. It
is interesting to note Marks-Tarlow’s et al. (2002) summing up several decades of studies of
the learning process: ”A survey of the work of many developmental psychologists makes it
clear that an essential feature of intelligence is the ability to reflexively stand back, as it were,
from our own experience and see it objectively” (p.41)
The cybernetic approach is extended by moving to a matrix formulation of the
eigenbehaviour equation.

Z∞ = lim
τ -> ∞

CSRL

W12

W21

C+

τ

ΔP0

0

i

0

1

1

(Eq. B1)

The 2/1 matrix is the original system state, Z0. Following Wene (2007) it is assumed to be the
base vectors of the complex Argand plane. ΔP0 is a constant and equal to the relative
improvement in performance for each doubling of cumulative output19. τ is the amount of
doublings since the system became operationally closed. W12 and W21are operators
19

A more general formulation is that ΔP0 is the relative improvement in performance between two
logarithmically equidistant measures of cumulative output. However, we have chosen to set the numeric equal
to doubling of cumulative output.
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representing operations in the external loop. W12 ≠ 0 indicates a double closure between the
self-reflecting loop and the external loop and W21 ≠ 0 between the external and internal loops.
W12 = W21 = 0 provides the solution for the unperturbed state, which now can be written as

Z∞(n) =

ΔP0

0

(2n + 1)∙ π

0

1

0

i

0

n = 1, 2, 3, … (Eq. B2)

1

-i

The eigenvalues for the CSRL operator for the unperturbed case are

ε∞(n) = (2n + 1)∙ π

n = 0, 1, 2, 3, …

(Eq. 3)

providing the following limiting values for the experience parameter
E(n) = 1/[(2n + 1) ∙ π]

n = 0, 1, 2, 3, …

(Eq.4)

n = 0, 1, 2, 3, …

(Eq.5)

The corresponding learning rates are
LR(n) = 1 – 2-E(n)
The four first modes of learning are then
LR(0, 1, 2, 3) = 20%, 7%, 4%, 3%, …
A situation with W21 ≠ 0 might seriously upset the internal clock of the learning system and
could for instance signal the presence of a radical innovation in the environment. However, it
will not explain dispersion of learning rates around the values in equation (5). In this paper
the focus is on W12 assuming W21 = 0. Through double closure the W12 operator may modify
the eigenvalues for the CSRL operator. We assume that any perturbation from the market is
synchronised to the output from the system. ΔP0 provides a measure of the strength of the
perturbation and W12 can be parametrized as
W12 = α(τ)∙ ΔP0∙C+

(Eq.5)

Wene (2010) provides solutions of equation (1) for negative and positive values of α(τ), and
for different durations of the perturbations in system time τ, e.g., the perturbation being
permanent or transient. The solutions turn out to be quite different for negative and positive
α-values. For negative α-values the eigenvalues for CSRL during the duration of a perturbation
of fixed strength converge to

ε∞(n, α) = (2n + 1)∙ π - α

n = 0, 1, 2, 3, …

(Eq. 6)

As expected, a negative perturbation will thus reduce the learning rate. Likewise, equation (6)
characterizes the behavior of the system immediately after the onset of a positive
perturbation, leading as expected to an increased learning rate. However, if the positive
perturbation remains the system will start to align itself to the perturbation. The result is a
phase shift where the eigenvalues of CSRL converges to
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ε∞(n, α) = (2n + 1)∙ π + α

n = 0, 1, 2, 3, …

(Eq. 7)

An external feature, event or process providing a free positive contribution to the system
performance but remaining too long will eventually result in a reduction of the learning rate.
An interpretation is that the system gets accustomed to the free contribution to its learning
and start losing its own ability to learn. The time until the onset of the phase shift depends
both on the strength of the positive perturbation and on the age of the learning system. A
system that has gone through many doublings of the cumulative output is more resilient but a
younger system will rapidly lose its own learning ability if exposed to a free positive learning
contribution. The phase shift has consequences both for the analysis of learning rate
distributions and for the possibility to increase learning rates by public R&D.

Figure B1. The left diagramme shows the probability of negative and positive perturbations
where the α indicate the strength of the perturbations. The right diagramme shows how the
double-closed learning system manages the perturbation by changing the value of the
experience parameter, E. For larger positive values of α the learning system is phase shifted
to E-values around 0.2.

Appendix C. Operational closure and eigenbehaviour: From atomic
nucleus to chemical systems
Within the realm of physics, the shell structure of the atomic nucleus illustrates the selforganisation of an assumed featureless compound body of neutrons and protons. The
appearance of nuclear shells came as a complete surprise. During the initial exploration of the
phenomenon one of the most influential textbooks commented: “We are facing here one of
the most fundamental problems of nuclear structure which has not yet been solved” (Blatt and
Weisskopf, 1952, p 778). The operation of the Pauli exclusion principle together with the
weakly attractive nucleonic force explained the mystery (Gomes et al., 1957). The shell
structure emerges as the eigenbehaviour of the operationally closed nucleus. In the
macroscopic scale, non-equilibrium thermodynamics exemplifies the closure theorem. The
Bénard (1900) convection cells are observable in a pot of boiling water, but they are metastable and their pattern is non-deterministic. The discovery of the Onsager reciprocity
relations (Onsager, 1931a, 1931b) and the ensuing theorem of minimum entropy production
(Prigogine, 1945) therefore marked a breakthrough in the study of non-equilibrium
phenomena. Within the linear regime near equilibrium it is possible to study self-organisation
of the system and obtain general conclusions about the eigenbehaviour of the system.
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However, autocatalytic reactions in chemical systems produce excess entropy and drive the
system out of the linear regime. In the non-linear regime, eigenbehaviour may appear as
dissipative structures, e.g., manifested in a limit cycle (Glansdorff and Prigogine, 1971;
Prigogine, 1980). In this case, the operationally closed system intertwines operations on
many levels simultaneously: balancing chemical reactions, managing instabilities, reacting to
fluctuations. Contrary to the linear regime, no general conclusions about the eigenbehaviour
can be drawn but there is “order out of fluctuations”, which may lead to spontaneous
symmetry breaking.
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